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with 40 panels. Also shown is the result from thin wing,
small-amplitude theory.14 Apart from a mild transient in the
first cycle, the results rapidly converge to a steady-state solu-
tion, and with use of Eq. (3), this is within 2.5% of the thin
wing solution. The linear variation of potential on the first
wake panel made the calculation relatively insensitive to the
time step size.12 With a Kutta condition in the form of Eq. (1),
the lift coefficient values were underpredicted by about 30%.

Figure 2 shows the pressure distributions over the section
for this motion at the nondimensional time tn = 20: Fig. 2a is
with the Kutta condition in the form of Eq. (1); Fig. 2b is with
use of Eq. (3). At this time step, the wing is descending with
a nosedown pitch and lift is in an upward direction. Use of Eq.
(1) leads to a pressure coefficient difference at the trailing edge
of about 0.17 and generally lower absolute values of the
pressure coefficient (and lower circulation) compared with the
calculation done using Eq. (3), which insures equality of pres-
sure on upper and lower surfaces at the trailing edge. Pressure
coefficient differences at the trailing edge varied over the
range ± 0.3 for this calculation.

Large differences in the pressure coefficient at the trailing
edge again became predominant when calculations were done
for conditions where the angle of attack of the airfoil was
large (above about 15 deg) over a portion of the cycle. How-
ever, in real flow, separation would occur in these conditions,
so this does not cause a limitation on the method in practice.
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Introduction

T HE numerical simulation of three-dimensional flows in
multistage turbomachines is a difficult subject due to

highly rotational viscous effects, further complicated by the
unsteady and aperiodic nature of the rotor-stator interaction.
The full coupling between the stator and rotor is still not
practical within current computational capabilities because of
the extraordinary fineness required to capture the flow struc-
ture. Thus a reduction of the complexity, based on a simplifi-
cation of the governing set of equations by appropriate model-
ing and approximation, is a sensible strategy.

Among such approaches, the through-flow or axisymmetric
model has played an important role, and when iteratively
coupled with blade-to-blade calculations it leads to a quasi-
three-dimensional model.1'3 The validity of this model is in
general dependent on the flow configuration and the accuracy
of the blade-to-blade information and empirical data. Numer-
ous attempts for treating these blade-to-blade effects have
been carried out4'6 and such models have been widely used in
many turbomachinery design systems.

Recently, fully three-dimensional models for multistage
configurations have become an attractive strategy since it is
believed that they can provide more accurate predictions than
quasi-three-dimensional models. Adamczyk7 has developed a
powerful methodology using sophisticated averaging proce-
dures for each blade row and sets of three-dimensional equa-
tions are solved sequentially row by row until a common
axisymmetric flow solution is obtained. This approach has
shown its advantages and flexibility to simulate flows through
multistage turbomachines and to account for the unsteady and
aperiodic effects,8 but requires computer resources not com-
monly available. Another fast and efficient three-dimensional
approach has been proposed by Denton9 and Dawes10 for Euler
(with a special treatment of viscous effects) and Navier-Stokes
equations, respectively. Both assumed that the flow is steady
and periodic relative to each of the blade rows individually.
The coupling or communication between the blade rows is
performed on a mixing plane, which is located between the
blade rows where the axisymmetric averaged flow properties
are transferred from the upstream to the downstream blade
row. This approach limits its ability to handle the variation
along the streamwise direction across this mixing plane.

In this Note, a modified three-dimensional model for simu-
lating the rotor-stator interaction flow is described. In this
model, fully three-dimensional flows are computed individu-
ally in the rotor and stator blade rows. The coupling between
blade rows is performed axisymmetrically, but in contrast to
Dawes,10 the axisymmetric properties are obtained using a
passage-averaged through-flow calculation instead of averag-
ing the three-dimensional solutions on the mixing plane. Fur-
thermore, the source terms in the through-flow equations are
evaluated directly from the three-dimensional solutions for
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each blade row, instead of using blade-to-blade solutions and
empirical data. This approach is applied to steady incom-
pressible Navier-Stokes equations based on vorticity-potential
formulation. Preliminary computations are conducted for a
single-stage mixed-flow pump to demonstrate the capability of
the proposed model and numerical results are presented and
compared to experimental data.

Governing Equations
Three-Dimensional Equations

The basic principle behind the vorticity-potential formula-
tion is the splitting of the velocity field V = (VA, ve, vz) into its
rotational and irrotational parts:

V = - V< />+ V XA (1)

where (r, 6, z) is the cylindrical coordinates, 0 a scalar poten-
tial field satisfying Laplace's equation, and A = (Ar, A\ Az) a
solenoidal vector potential field. Clearly, Eq. (1) ensures that
the continuity equation is satisfied. The complete set of the
three-dimensional steady incompressible laminar flow equa-
tions can be written in the following vector form:

(F-

V2</> = 0

= - W

0+ V XA

(2)

(3)

(4)

(5)

where W = (wr, we
t wz) is the vorticity field and Re is the

Reynolds number.

Through-Flow Equations
The passage-averaged through-flow equations can be ob-

tained by integrating the three-dimensional equations along
the tangential direction 0. An alternative form of these equa-
tions are given by

vr — (Bwe) + vz — (Bwe) - — (Bwe) -- — (Bveve)
dr dz r r dz

a

_1_ (d_ \ l d _
Re [dr [r dr(

i a

I-a 1 1 a
~dr \_~r~dr dz2

(6)

(7)

(8)

vr — (Bve) + vz — (Bve) + — (Bve)
dr dz r

where B is the blockage parameter defined by [N(6S - 6p)]/2ir,
with 6S and Bp the angular position of the suction and pressure
surfaces of the blade, respectively, and

Bvr= - 8(BAe)
dr

Bvz = -

(10)

(11)

Fig. 1 Domain for the through-flow computation.

In these equations, F%, F+, Fe
A, F*, Fv

r, and Fz are the source
terms detailed in Ref. 11, which are evaluated from the three-
dimensional solutions obtained for each blade row individu-
ally. The overbar represents the averaged properties. The vor-
ticity-potential formulation of the governing equations
requires particular treatment of boundary conditions on po-
tentials. The boundary conditions for the three-dimensional
Eqs. (2-5) are given in Ref. 12 and the through-flow Eqs. (6-9)
in Ref. 11. The main feature of the inlet and outlet boundary
conditions for the potentials <£ and </> is to maintain the same
mass flow. Body-fitted meshes and implicit finite-difference
method were used to solve these equations.

Solution Procedure
The proposed model for the rotor-stator flow interaction

consists of two sets of coupled equations. The three-dimen-
sional Eqs. (2-5) are used for each blade row to provide three-
dimensional flowfields, while the through-flow Eqs. (6-9) are
solved throughout the machine to provide coupling informa-
tion between the three-dimensional solutions.

In computing the through-flow field, the presence of the
blades within the blade rows are accounted for by source terms
whose values are deduced from the three-dimensional solu-
tions within each blade row. To solve the three-dimensional
equations, the required conditions are the inlet velocity distri-
bution and the total mass rate at the exit. In the present study,
since the flow is taken to be axisymmetric outside blade rows,
the inflow velocity profile can be taken from the through-flow
averaged solution. The data transfer from the three-dimen-
sional to the through-flow equations and vice versa is repeated
in the above manner until convergence is achieved.

Results and Discussions
The above calculation procedure was applied to the flow

simulation in a single-stage mixed-flow pump with a five-blade
rotor and a nine-blade stator. Details of the physical dimen-
sions of the blades and a general description of the pump are
given in Carey et al.13 The meridional computational domain
is shown in Fig. 1. It is noted that the rotor tip clearance was
not considered in the present numerical simulation. A grid of
13 x 59 was used for the through-flow computation with 13
points in the radial direction, 15 points spaced uniformly in
the circumferential direction for the rotor, and 13 points for
the stator. The results are presented in terms of the velocity
component Vp parallel to the streamwise grid line and the
tangential velocity Wt in the relative rotating frame of refer-
ence compared with the measurements13 performed in an air
model of the machine at a shaft speed of 1200 rpm of the
rotor. The experimental data for all velocities are normalized
by the blade velocity at the rotor trailing-edge midspan, which
is Ut = 27 m/s, corresponding to a Reynolds number of
Re = 1.5 x 106. However, since the model for the present
study is for laminar flow, the Reynolds number for the numer-
ical computation was set to 1500.
Figures 2 and 3 show the blade-to-blade velocity variations
normalized by the distance from the suction to the pressure
side. To show the streamwise evolution of the velocity compo-
nents within the rotor, the blade-to-blade variations are given
at midchord (C = 0.5) and near the rotor outlet with
C = 0.87, where Cis the normalized distance from the leading
edge to trailing edge, and hub-to-shroud variations are given
at R = 0.167, 0.5, 0.833, and 0.917, where R is the normalized
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R = 0.917
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Fig. 2 Rotor blade-to-blade velocity components Vp: a) C = 0.5 and
b) C = 0.87.

hub-to-shroud distance. In the mainstream flow region, the
velocity components Vp (Fig. 2) show that the flow is acceler-
ated near the blade suction surface and the relative tangential
components Wt (Fig. 3) were decelerated near the suction
surface and accelerated near the pressure surface. These obser-
vations agree well with the experimental data except at the
edge of the blade surface boundary layers, where the velocities
are relatively higher than the measured ones. This is expected
since the Reynolds number for the computation is 1000 times
lower than the experimental value. Consequently, a thicker
boundary layer on the blade surface is observed which induces
higher velocities at the edge of the boundary layer.

In the near shroud region (R > 0.833), complex turboma-
chinery flow phenomena are encountered. The blade
boundary layers, the shroud boundary layer, the effects of the
relative motion of the shroud, and the associated secondary
flow interact to generate rapid changes in the fluid behavior.
In Figs. 2 and 3, discrepancies between the predictions and the
measurements for velocity components Vp and Wt appear. The
main reason for such discrepancies is probably the absence of
the blade-tip gap in the present numerical modeling.

Considering the absence of a proper turbulence model, the
numerical results are reasonable and correctly represent the
complex three-dimensional flow.
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is the cross-stream distance measured from this position with
t defined by /^(Q = ^(O). Here,
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Introduction

T HERE are inherent difficulties in measuring contaminant
statistics in general (see Derksen and Sullivan1) and con-

ditional probabilities in specific (see Chatwin and Sullivan2).
In Chatwin and Sullivan3 an expression for the moments of
the probability density function (PDF), given in Eq. (1), was
shown to represent experimental data frdm a wide variety of
turbulent shear flows. The data were taken at large enough
downstream distances in these flows that the moments of the
scalar concentration appeared to be self-similar. The objective
here is to find the self-similar PDF of contaminant concentra-
tion that corresponds to those moments.

The asymptotic moments of the PDF are given in Chatwin
and Sullivan3 as

( ~ Wa - X)xn] (1)

where \ = AtiO?)/Vi(0), 77 = y/g = 0 is evaluated at the location
of the maximum mean concentration (the centerline of flows
like jets and wakes and at the wall in boundary layers), and y
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and
p (8) = prob(0 < 7 < 0 + d0)

(2)

(3)

is the PDF for scalar contaminant concentration 6. Equation
(1) has the advantage that all of the central moments are
expressed in terms of the mean concentration /i1? which is the
most easily measured and theoretically predicted statistic.
That is, jii is relatively insensitive to temporal and spatial
measurement averaging and to the effects of molecular diffu-
sivity. The distribution of lower ordered moments, at nor-
mally measured downstream distances, appears to be reason-
ably described by Eq. (1) over a wide range of flow conditions
including jets, wakes, boundary layers, and plumes in grid
turbulence. The range of the two parameters a and /3 that
appear in Eq. (1) was found to be relatively narrow, i.e.,
1 < a < 1.5 and 0.1 < /3 < 0.75. In Derksen and Sullivan1 the
practical advantages of using measured lower ordered mo-
ments is discussed. There a Jacobi polynomial expansion,
motivated by the structure of the lower ordered moments in
Eq. (1), and also a maximum entropy formulation were used
to invert measured moments to generate the PDF. The asymp-
totic moments given by Eq. (1) are not amenable to inversion
using Jacobi polynomials; however, careful application of the
maximum entropy formulation enables one to compile the
asymptotic forms of the PDF.

Figures la-If show the variation in the PDF over the cross
section of a turbulent shear flow. The dominant features are
two narrow peaks that correspond to the contributions to the
scalar from the central (high-concentration) and peripheral
(low-concentration) regions of the flow. The PDFs shown on
Fig. 1 are consistent with the theoretical description of self-
similar scalar PDFs within a turbulent shear flow that is
developed in Chatwin and Sullivan3 and which predicates on a
separation of the time scales of long-term molecular diffusion
and short-term local turbulent convective motions. A low-
concentration peak progresses from a small magnitude at the
center to virtually the entire PDF at the periphery of flows,
whereas a high, dominant peak at the central region dimin-
ishes to insignificance in the peripheral regions. It is interest-
ing to note in passing the proposal of Effelsberg and Peters,4
and its discussion in Drake et al.,5 to represent the PDF as a
composite of a delta function (non-turbulent fluid), a Beta
distribution (fully turbulent part), and an algebraic part for a
transitional superlayer. The forms of the Beta distribution are
Gaussian-like throughout. The disadvantages of that ap-
proach are discussed in Chatwin and Sullivan.2

It is of interest to compare the results shown in Fig. 1 with
experimentally observed values presented in Antonia and
Sreenivasan6 (see also Dahm and Dimotakis7). There in a
co-flowing, heated, round jet, scalar PDFs appeared to consist
of a rather sharp spike near the nominal freestream tempera-
ture and a second much wider hump centered on higher values
of temperature. The narrow low-temperature spike is of rela-
tively small magnitude on the centerline and increases in mag-
nitude, relative to the high-temperature mound, until it be-
comes the dominant feature of the PDF at the jet periphery.
The two peaks are of equal magnitude at the approximate
location of the mean temperature half-width. These observa-
tions of the low-temperature spike are certainly qualitatively
similar to the distributions presented in Fig. 1 and the equal
height of the two peaks at approximately the half-width loca-
tion is observed in Fig. Ib. There is a significant difference
between the observed high-temperature mound width and the
corresponding narrow distribution shown on Fig. 1.

The inversion technique, whereby a finite number of mo-
ments given in Eq. (1) are used to compile the PDFs shown on
Fig. 1, is described in Derksen and Sullivan.1 Newton's


